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Abstract. The paper presents the analysis of vibrations of the crankshaft system and proposition 
of its modelling. At the beginning there are general information about the torsional vibration 
dampers. Moreover, models of different kinds of dampers are shown with their governing 
equations. The next section presents proposition of the algorithm of modelling of the crank-piston 
mechanism with a torsional vibrations damper. Furthermore, there are equations of motion of the 
analyzed system in this chapter. After that, the results of numerical simulations and experiments 
are shown. Finally, the paper is summarized by giving conclusions about the analysis of crankshaft 
systems with a dynamic eliminator of vibrations and their modelling. 
Keywords: torsional and lateral vibrations of the crankshaft, modelling of crank system, torsional 
vibration damper. 
1. Introduction 
The basic features of modern drive systems is low weight and high load. The aim of weight 
reduction combined with the use of modern materials is to reduce production costs and to reduce 
emissions of harmful substances. Of course, such changes must affect the dynamics and statics of 
the object, which in turn should change the vibrational structure of the object. Therefore, the 
question is whether it is possible to shape the spectra of vibrations of the machine and how will 
the constructional changes of elements influence the vibrational structure of the entire engine  
[1-7]. 
In practice, a torsional vibration damper is often used to modify the vibrational structure. In 
piston combustion engines of the vehicles mainly rubber torsional vibration dampers are used. 
Experiments show that the use of eliminator of torsional vibrations influences other degrees of 
freedom thanks to lateral-torsional coupling. The use of this phenomenon for the needs of analysis, 
should facilitate the task of shaping the nature of transverse vibrations of the system. This concept 
seems to be especially interesting in case of crank systems of car engines, where torsional vibration 
dampers are very popular [8]. 
The reason for the creation of this work was a situation where in one of the engines of a well 
known manufacturer, there occurred some problems with durability of torsional vibration damper 
after increasing its power. Incorrect operation of this element, may generate vibrations with 
dangerous values which even destroy the crankshaft, therefore, the whole engine. The authors 
decided to make numerical model of the crankshaft of the combustion engine equipped with a 
torsional vibration damper. Numerical analysis should allow for an assessment of the impact of 
structural changes on the vibrational response of the shaft. 
2. Torsional vibration dampers for piston engines 
Torsional vibration dampers which are used in piston engines most often are a dynamic 
eliminator of vibrations [9-11]. It means that there is not any dissipation of energy. The idea of 
working of dynamic eliminator is based on moving away the resonance frequencies from the 
frequency of driving forces. Mechanism like that is an additional inert element of the system, 
which is connected to the system by deformable element like spring or viscous damper. In practice, 
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the use of the dynamic eliminator of vibrations causes an increase in the number of degrees of 
freedom. It means that the spectral structure of the whole device has to change. Proper selection 
of the damper parameters allows for a change of the frequency of free vibrations in a wide range.  
Most practical solutions of torsional vibration dampers can be modelled as the system of rigid 
bodies connected by elastic elements. These connectors usually have elastic properties, damping 
can be omitted in many cases. Therefore, a dynamic model illustrated below may be proposed for 
essential automotive and industrial applications of dampers [12]: 
ܫ ⋅ Φ¨ = ݂௥௘௦ሺΦሻ, (1)
where: Φ – vector of generalized coordinates of torsional vibration damper, ܫ – inertia matrix of 
torsional vibration damper, ݂௥௘௦ሺ ሻ – operator of the right side of equation of dynamics of torsional 
vibration damper. 
A disk elastically connected with the crankshaft is the simplest case of a torsional vibration 
eliminator. Fig. 1 illustrates such a system presented schematically. 
 
Fig. 1. The structural model of the torsional vibration damper.  
1 – hub 2 – torsional spring, 3 – flywheel of the damper 
In this case (Fig. 1), the dynamic model (2) has the form of differential equations system as 
follows: 
Φ = ൤ΦଵΦଶ൨, (2)
ܫ = ൤ܫ௛௨௕ 00 ܫ௙௟௬൨, (3)
݂௥௘௦ሺΦሻ = ቈܯ௥ሺݐሻ − ݇௙௟௬ ⋅ ሺΦଵ − Φଶሻ݇௙௟௬ ⋅ ሺΦଵ − Φଶሻ ቉, (4)
where: ܫ௛௨௕ – mass moment of inertia of the hub, ܫ௙௟௬ – mass moment of inertia of the damper 
flywheel, ݇௙௟௬ – stiffness of elastic connector (torsional spring), ܯ௥ሺݐሻ – the reaction moment of 
the crankshaft. 
Widerange damper of torsional vibrations is a more complex mechanism. The principle of 
working of this device does not change. However, there is an extra degree of freedom which allows 
to make additional changes in the spectrum of the whole system. Such a damper is presented 
schematically in Fig. 2. 
The following system of equations is described by a damper of this type (Fig. 2): 
Φ = ൥
Φଵ
Φଶ
Φଷ
൩, (5)
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ܫ = ቎
ܫ௛௨௕ 0 0
0 ܫ௙௟௬ 0
0 0 ܫଶ௙௟௬
቏, (6)
݂௥௘௦ሺΦሻ = ቎
ܯ௥ሺݐሻ − ݇௙௟௬ ⋅ ሺΦଵ − Φଶሻ
݇௙௟௬ ⋅ ሺΦଵ − Φଶሻ + ݇ଶ௙௟௬ ⋅ ሺΦଷ − Φଶሻ
݇ଶ௙௟௬ ⋅ ሺΦଶ − Φଷሻ
቏, (7)
where: ܫଶ௙௟௬ – mass moment of inertia of the second flywheel of a damper, ݇ଶ௙௟௬ – stiffness of the 
elastic connector of the second degree (torsional spring). 
 
Fig. 2. The structural model of the widerange damper of torsional vibration. 1 – hub, 2 – torsional sprint,  
3 – flywheel of damper, 4 – torsional spring of second flywheel, 5 – second flywheel 
3. Dynamic model of the crank system 
The dynamics of a seemingly simple crank system is very complex. The main reason is a 
complicated geometry of the motion of the parts of the mechanism and a very complex character 
of deformation of the crankshaft. From the point of view of mechanics, the individual elements of 
this system should be treated as continuous structures with given distributions of density and 
stiffness tensor. In practice, such an analysis would be very difficult, even impossible. Therefore, 
the mechanism is most often presented as a series of stiff elements (material points or rigid bodies) 
connected by a weightless continuous system. It is possible to present the crank system precisely 
in the way presented in Fig. 3. 
 
Fig. 3. The model of the crankshaft of one piston.  
1 – flywheel, 2 – crankshaft, 3 – torsional vibration damper 
To describe the dynamics of the proposed model, it is convenient to introduce the following 
generalized coordinate system (Fig. 3): ߶ – rotation angle of the flywheel of the engine, ߮ – 
rotation angle of the disk of the torsional vibration damper, ℎ – horizontal deformation of the 
crank, ݒ – vertical deformation of the crank: 
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ሺܫ௥௘ௗ+݉௪௞ܴଶሻ߶¨ − ݉௪௞ℎ¨ܴsin߶ + ݉௪௞¨ݒܴcos߶+݇௡௡ሺℎcos߶ + ݒsin߶ሻሺݒcos߶ − ℎsin߶ሻ 
       + ቀ݇ఛఛሺℎsin߶ − ݒcos߶ሻ+݇ఛ఍ሺ߮ − ߶ሻቁ ሺℎcos߶ + ݒsin߶ሻ
       − ቀ݇఍ఛሺݔsin߶ − ݕcos߶ሻ+݇఍఍ሺ߮ − ߶ሻቁ = ܯேሺݐሻ, 
(8)
݉௪௞ℎ¨ − ݉௪௞ܴ ⋅ sin߶߶¨ − ݉௪௞ܴ ⋅ cos߶߶˙ଶ + ݇௡௡ሺℎcos߶ + ݒsin߶ሻcos߶
       + ቀ݇ఛఛሺℎsin߶ − ݒcos߶ሻ+݇ఛ఍ሺ߮ − ߶ሻቁ sin߶ = ௛ܲሺݐሻ, (9)
݉௪௞¨ݒ+݉௪௞ܴ ⋅ cos߶߶¨ − ݉௪௞ܴ ⋅ sin߶߶˙ଶ + ݇௡௡ሺℎcos߶ + ݒsin߶ሻsin߶
      − ቀ݇ఛఛሺℎsin߶ − ݒcos߶ሻ+݇ఛ఍ሺ߮ − ߶ሻቁ cos߶ = ௩ܲሺݐሻ, (10)
ܫ௧ł߮¨+݇ఛఛሺℎsin߶ − ݒcos߶ሻ+݇ఛ఍ሺ߮ − ߶ሻ+ థ݂௥௘௦ሺΦሻ = 0, (11)
ܫ ⋅ Φ¨ = ݂௥௘௦ሺΦሻ. (12)
It can be seen that equations of motion of the analysed crank mechanism with an attached 
torsional vibration damper are strongly coupled nonlinear equations of the second order. Of course, 
there do not exist any solutions of this system in the closed form [13]. However, it is possible to 
find analytic approximate solution of this problem or integrate the system Eqs. (8)-(12) with 
numerical methods. 
4. Experimental research 
For this purpose, there was made an experiment on the car which was equipped with an engine 
with a spark ignition 3.6 V6 FSI fixed serially in Volkswagen Passat, Touran, Audi Q7 and 
Porsche Cayenne (Fig. 4). The engine was measured on a test stand [14, 15]. Thus, it was possible 
to be independent from the moment disruptions on the engine shaft. These disruptions resulted 
from irregularity of the road surface which are transferred to a drive system [16, 17]. 
Different types of rubber dampers of torsional vibrations of the crankshaft with different 
stiffness were examined. In this way, the influence of rubber hardness on the vibrating response 
of the shaft was defined. A laser sensor Polytec of torsional vibrations was used for measurement 
of the angle and velocity of torsional vibrations and instantaneous rotational speed of the 
crankshaft [18-21]. 
 
Fig. 4. Research object with a mark of fixing place of the damper of torsional vibrations 
Due to the chassis characteristics, the measurements could only take place during the vehicle 
acceleration in the range of engine rotational speed from about 1000 RPM to about 6000 RPM. 
For a few chosen rotational speeds of the engine, there were made efforts to maintain its value 
constant during the acceleration. The vehicle located on the chassis is shown in Fig. 22. 
The following signals were recorded: 
1. engine rotational speed, 
2. accelerations of engine vibrations along two perpendicular axes, 
3. speed of torsional vibrations of the shaft, including the hub of a torsional vibration damper 
and inertia ring of a torsional vibration damper. 
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The measurement of vertical and horizontal accelerations of engine vibrations was done with 
the help of vibration acceleration sensors of B&K. For the measurement of parameters connected 
with the movement of the crankshaft, there was used a laser system for the measurement of 
torsional vibration speed Polytec RLV-5500 equipped with the heads RLV-500-475. All signals 
were recorded by the PULSE system from B&K equipped with a measuring cassette B&K 3050 
together with a software allowing for a detection and analysis of the recorded signals. The figure 
shows an example image of data acquisition modules placed in the collective housing type 
3660 C 001 (Fig. 5). Thanks to the via LAN phase synchronization technology, full time and phase 
synchronization of signals was provided. 
 
Fig. 5. B&K 3660 C 001 with a set of B&K 3050 measuring modules 
The RLV-5500 Rotational Laser Vibrometer benefits from digital decoding techniques, an 
improved S/N ratio and an expanded RPM range of up to 20,000 RPM (Fig. 6). 
A compact design of the sensor head allows to get close to the measurement object. An 
integrated air purge system protects the optics from production of oil spray and dust. Even onboard 
measurement of an operating drivetrain in a moving vehicle is possible now. 
The new RLV-5500 Rotational Laser Vibrometer uses a fiber optic cable to provide laser 
power to the small RLV-500 Sensor Head, increasing mounting and positioning options without 
sacrificing the precision. The RLV-5500 Controller comes with a 19’’ industrial housing and 
incorporates the signal processing electronics and power supply. 
 
Fig. 6. The laser system for the measurement of torsional vibrations Polytec RLV-5500 
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Different types of rubber dampers of torsional vibrations of the crankshaft with different 
stiffness were examined. In this way, the influence of rubber hardness on the vibrating response 
of the shaft was defined. A laser sensor Polytec of torsional vibrations was used for the 
measurement of the angle and speed of torsional vibrations and instantaneous rotational speed of 
the crankshaft [18, 22-24]. 
 
Fig. 7. Research object and laser sensor of torsional vibrations Polytec 
Analysis of recorded signals of vibration speed allowed to plot peak dependencies of speed 
amplitudes and angular displacement of vibrations of the crankshaft on time or rotational speed of 
the engine. It allows to determine the influence of changes used in tested torsional vibration 
dampers on the level and structure of torsional vibrations of the shaft. The effects of the analysis 
presented in Figs. 8 and 9 show how big the differences can be. 
 
Fig. 8. Dependence of velocity of the crankshaft vibrations from rotational speed  
for a rubber damper – rubber, hardness 60° Sh 
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Fig. 9. Dependence of the velocity of crankshaft vibrations on rotational speed  
for an original rubber damper. 
Due to the fact that for the needs of analysis carried out in this paper, the vibrational signals of 
the engine at constant rotational speed of the engine were necessary, from the whole measurement 
during the car acceleration there were chosen these fragments which could be recognized as 
measurements at quasi stationary rotational speed for selected parts of measurements (Fig. 10).  
 
Fig. 10. Selection of fragments of the experiment at a constant engine rotational speed 
Acceleration signals of body engine vibrations for selected parts of constant rotational speed 
of the engine were the basis for further analysis. Example time plots are shown in Figure 7. 
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Fig. 11. Signals of accelerations of the engine body vibrations for selected rotational speeds of the engine 
5. Numerical solution and research results 
As noted above, it is possible to find a solution to the system of Eq. (8)-(12) by numerical way. 
Runge-Kutta 4-5 and Adams methods were used for integrating in the case of a discussed case. 
This decision is directly connected with high precision of both methods. The method allowing for 
a faster analysis with maintaining the expected precision of the results was specified. Additionally, 
the experimental results of the research of real combustion engine were presented. Amplitude 
responses of vibration accelerations obtained in experiment and by the simulation are similar 
(Fig. 12). The frequency structure of the proposed model is sensitive to a change of the torsional 
vibration damper type (Fig. 13). It can be said that a proposed model may be successfully used to 
describe piston engines which are used in practice e.g. to design tuned mass dampers. 
Fig. 12. Amplitude responses of torsional  
vibration accelerations – comparison  
of the model and the experiment 
 
Fig. 13. The spectra of torsional  
vibration accelerations of the model  
of crank system with dampers 
The simulations results obtained from the proposed model are consistent with the experiments. 
The response of the engine changes after using additional elements of drive system such as 
torsional vibration dampers. It gives us possibility to design a proper damper which acts in the 
range of maximal amplitudes. 
The proposed modelling procedure has a practical significance because it enables the design 
of modified variant of the constructional torsional vibration damper for the engine with a higher 
power. The modification was about the changes of the materials and reconstruction of the hub 
(mass change) and the appropriate selection of hardness of a rubber element (change of stiffness). 
The modified system was produced in DAMPOL. Both variants are shown in Fig. 14. The precise 
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dimensions and material characteristics remain the manufacturer's mystery due to patent 
protection. 
 
Fig. 14. Redesigned torsional vibration damper-version before and after modification 
6. Conclusions 
Crank mechanism is the basis for working of most combustion engines [25]. The tendency for 
reduction of mass of any construction can lead to significant changes in the device dynamics. 
Discussed devices are very sensitive to any modifications. It is connected with a relatively low 
stiffness of the mechanism. That is why, detailed analysis of its dynamics is necessary. Effective 
use of the elastic shaft model is possible in the problem of dynamics of crank mechanism. 
The simulations clearly show that the application of torsional vibration dampers allows to 
reduce the level of vibration system. What is more, results of numerical simulations of proposed 
model are checked by the experiments.  
The analysis of considered system of equations indicates that there exists a strong coupling 
between the equations of bending and angular oscillations resulting in the energy transfer between 
particular degrees of freedom. That is why, there is a relation between the spectral structure of 
bending and torsional vibrations. It allows to assume that the basic frequencies of spectrum of a 
discussed object (frequencies of natural vibrations of linear part of a discussed system) will be 
identical without the same amplitudes. The reason for this fact is the nature of coupling appearing 
in the system characterized by a significant nonlinearity. It is important to emphasize that the 
relation between the bending and torsional vibrations cause that the vibration structures are 
sensitive to any changes in the technical condition of the analyzed mechanism. It means that 
changes of vibration structures may be a valuable source of diagnostic information [1, 8, 13]. 
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